Abstract. In this paper, we propose to study similarity measures among fuzzy subsets from the point of view of the ranking relation they induce on object pairs. Using a classic method in measurement theory, introduced by Tversky, we establish necessary and sufficient conditions for the existence of a class of numerical similarity measures, to represent a given ordering relation, depending on the axioms this relation satisfies.
Introduction
Similarity is a key concept in artificial intelligence [12] and similarity measures have been extensively studied (see [7, 14, 2, 1] , see also the surveys [5, 8] ). The choice of an appropriate measure when facing a particular problem to solve is a central issue. Now, due to the subjective characteristic of similarity as used by human beings, it is more intuitive to compare measures depending on the order they induce rather than the numerical values they take. Therefore, trying to get closer to the human reasoning, we propose to consider an ordinal view on similarity measures. To that aim, we follow the approach proposed by Tversky [14] and applied later in [3] , in the framework of measurement theory: it starts from a comparative similarity , defined as a binary relation on object pairs, and studies the conditions under which can be represented by a numerical similarity measure. It establishes representation theorems that state necessary and sufficient conditions under which a given comparative similarity is represented by a specific form of numerical similarity measures.
Previous works [14, 3] considered the crisp case of presence/ absence data, we focus in this paper on fuzzy data: for any object, the presence of an attribute is not binary but measured by a membership degree in [0, 1] . Considering such fuzzy data raises several difficulties due to the associated softness and change continuity: in the crisp case, for any object pair and any attribute, only four configurations can occur, namely whether the attribute is present in both objects, absent from both, or present in one object but not the other one. Moreover, only two kinds of modifications can occur, changing an attribute presence to an absence or reciprocally. In the fuzzy case, all modifications are continuous, and it is not possible to identify a finite set of distinct configurations. Thus matching the ordinal view of similarity with the numerical one requires the definition of new properties and axioms to characterise the possible behaviors of comparative similarity. Furthermore, in the fuzzy framework, similarity measures cannot be reduced to their general form: they also depend on the choice of a tnorm and a complementation operator, to define the membership degrees to the intersection and the complement of fuzzy sets respectively. Indeed, as illustrated in Section 2, changing the t-norm can lead to very different comparative relations for a given similarity measure form and a given fuzzy measure. This implies that the axioms we introduce to characterise comparative similarities depend on the t-norm choice. We consider the three most common t-norms (min, product and Lukasiewicz t-norm) and characterise the comparative similarities representable by (or agreeing with) a class of similarity measures containing as particular elements Jaccard, Dice, Sorensen, Anderberg and Sokal-Sneath measures.
The paper is organised as follows: in Section 2, we recall the definitions of similarity measure representation and equivalence and we introduce basic axioms, in particular those expressing constraints in terms of attribute uniformity and monotonicity. Section 3 presents the considered independence axiom that is required to establish, in Section 4, the representation theorem.
From Numerical Similarity to Comparative Similarity
In this section, after introducing the notations used throughout the paper, we discuss the classic definition of equivalence between numerical similarity measures and establish basic axioms satisfied by comparative similarities induced from given classes of numerical similarities, following the ideas of Tversky to study similarity using the framework of measurement theory [14] .
Preliminaries
We consider that each object is described by p attributes, i.e. by the set of characteristics from the predefined list A, which can be present with different degrees of membership: any object is a fuzzy subset of A. The data set is noted
, and associated with s X = {i : x i > 0}; 0 denotes the object with s X = ∅. We consider a t-norm and its dual t-conorm ⊥ and the complement X c = 1 − X. We define, as usual,
We say that X * is a strong -complement of X if s X∩X * = ∅, when the intersection is ruled by the t-norm . 
